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How to do uncertainty quantification in the generative setting ( LLMs ) ?
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Conformal Prediction

- prediction is then based on the class that has maximum likelihood



Conformal Prediction
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 the trained model provides estimated likelihoods (a notion of uncertainty)  

these likelihoods are informative but not always correct
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Classification
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Marginal Coverage

Pr {Ytest 2 C(Xtest)} � 1� ↵

x AI model CP

[ 10.1, 10.8 ] 

Regression

Conformal Prediction



C(x) = {y 2 Y : S(x, y)  q}

the threshold

Marginal Coverage

Pr {Ytest 2 C(Xtest)} � 1� ↵

Conformal Prediction

difficulty of the input models’ uncertainty about the label size of the prediction set
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Challenge 1 : We are dealing with an unstructured + unbounded output space 
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Challenge 2 : query only access to the output space 
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We query the oracle for a finite amount of times
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1, …, yx

t }



Caveat: What if the true label Y is not amount the queried outputs?

Conformal Prediction for Generative Models  (Setting)

(X, Y) ∈ 𝒳 × 𝒴 (x, y) ∼ p(x, y) y ∼ π(y ∣ x)Query Oracle:

Prompt LLM

y1

y2

yt

We query the oracle for a finite amount of times

Zt(x) = {yx
1, …, yx

t }



“Toy” Running Example



“Toy” Running Example

What is the capital of Illinois
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Generate 8  responses, t = 8
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C(x) = {Springfield,Chicago}

Generate 8  responses, t = 8



Champaign

“Toy” Running Example

Springfield Chicago Springfield SpringfieldSpringfield Chicago Springfield

Case 1

<latexit sha1_base64="Jq2xcg4I59cl2ewjaUpqApL2upE=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEnE10YoduOyon1AE8pkMmmHTiZhZiKWkC9w46+4caGIW9fu/BunbRbaemDgcM653LnHixmVyrK+jYXFpeWV1cJacX1jc2vb3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsb1sd++54ISSN+p0YxcUPU5zSgGCkt9cxyvfJwCC+hk0JHhOltLCjvB5Qw/wjWBzrWjzIn65klq2pNAOeJnZMSyNHomV+OH+EkJFxhhqTs2las3BQJRTEjWdFJJIkRHqI+6WrKUUikm07OyWBZKz4MIqEfV3Ci/p5IUSjlKPR0MkRqIGe9sfif101UcOGmlMeJIhxPFwUJgyqC426gTwXBio00QVhQ/VeIB0ggrHSDRV2CPXvyPGkdV+2z6unNSal2lddRAPvgAFSADc5BDVyDBmgCDB7BM3gFb8aT8WK8Gx/T6IKRz+yBPzA+fwBsEpsk</latexit>

C(x) = {Springfield,Chicago}
<latexit sha1_base64="Jq2xcg4I59cl2ewjaUpqApL2upE=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEnE10YoduOyon1AE8pkMmmHTiZhZiKWkC9w46+4caGIW9fu/BunbRbaemDgcM653LnHixmVyrK+jYXFpeWV1cJacX1jc2vb3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsb1sd++54ISSN+p0YxcUPU5zSgGCkt9cxyvfJwCC+hk0JHhOltLCjvB5Qw/wjWBzrWjzIn65klq2pNAOeJnZMSyNHomV+OH+EkJFxhhqTs2las3BQJRTEjWdFJJIkRHqI+6WrKUUikm07OyWBZKz4MIqEfV3Ci/p5IUSjlKPR0MkRqIGe9sfif101UcOGmlMeJIhxPFwUJgyqC426gTwXBio00QVhQ/VeIB0ggrHSDRV2CPXvyPGkdV+2z6unNSal2lddRAPvgAFSADc5BDVyDBmgCDB7BM3gFb8aT8WK8Gx/T6IKRz+yBPzA+fwBsEpsk</latexit>

C(x) = {Springfield,Chicago}

DCLA Chicago Boston NYCAustin Philly Denver

Case 2

What is the capital of Illinois

LLM



Champaign

“Toy” Running Example

Springfield Chicago Springfield SpringfieldSpringfield Chicago Springfield

Case 1

<latexit sha1_base64="Jq2xcg4I59cl2ewjaUpqApL2upE=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEnE10YoduOyon1AE8pkMmmHTiZhZiKWkC9w46+4caGIW9fu/BunbRbaemDgcM653LnHixmVyrK+jYXFpeWV1cJacX1jc2vb3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsb1sd++54ISSN+p0YxcUPU5zSgGCkt9cxyvfJwCC+hk0JHhOltLCjvB5Qw/wjWBzrWjzIn65klq2pNAOeJnZMSyNHomV+OH+EkJFxhhqTs2las3BQJRTEjWdFJJIkRHqI+6WrKUUikm07OyWBZKz4MIqEfV3Ci/p5IUSjlKPR0MkRqIGe9sfif101UcOGmlMeJIhxPFwUJgyqC426gTwXBio00QVhQ/VeIB0ggrHSDRV2CPXvyPGkdV+2z6unNSal2lddRAPvgAFSADc5BDVyDBmgCDB7BM3gFb8aT8WK8Gx/T6IKRz+yBPzA+fwBsEpsk</latexit>

C(x) = {Springfield,Chicago}
<latexit sha1_base64="Jq2xcg4I59cl2ewjaUpqApL2upE=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEnE10YoduOyon1AE8pkMmmHTiZhZiKWkC9w46+4caGIW9fu/BunbRbaemDgcM653LnHixmVyrK+jYXFpeWV1cJacX1jc2vb3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsb1sd++54ISSN+p0YxcUPU5zSgGCkt9cxyvfJwCC+hk0JHhOltLCjvB5Qw/wjWBzrWjzIn65klq2pNAOeJnZMSyNHomV+OH+EkJFxhhqTs2las3BQJRTEjWdFJJIkRHqI+6WrKUUikm07OyWBZKz4MIqEfV3Ci/p5IUSjlKPR0MkRqIGe9sfif101UcOGmlMeJIhxPFwUJgyqC426gTwXBio00QVhQ/VeIB0ggrHSDRV2CPXvyPGkdV+2z6unNSal2lddRAPvgAFSADc5BDVyDBmgCDB7BM3gFb8aT8WK8Gx/T6IKRz+yBPzA+fwBsEpsk</latexit>

C(x) = {Springfield,Chicago}

DCLA Chicago Boston NYCAustin Philly Denver

Case 2

What is the capital of Illinois

LLM

<latexit sha1_base64="ZoIzRQh4U8lXfAMbUpxd1XOZB8g=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsKMuF2EYAh4jGAWyAyhp9NJmvQsdNdI4jD4K148KOLV//Dm39hZDpr4oODxXhVV9bxIcAWW9W1klpZXVtey67mNza3tHXN3r67CWFJWo6EIZdMjigkesBpwEKwZSUZ8T7CGNyiP/cYDk4qHwT2MIub6pBfwLqcEtNQ2D8qF4Qm+xk7iABtCUqmkTto281bRmgAvEntG8miGatv8cjohjX0WABVEqZZtReAmRAKngqU5J1YsInRAeqylaUB8ptxkcn2Kj7XSwd1Q6goAT9TfEwnxlRr5nu70CfTVvDcW//NaMXSv3IQHUQwsoNNF3VhgCPE4CtzhklEQI00IlVzfimmfSEJBB5bTIdjzLy+S+mnRviie353lSzezOLLoEB2hArLRJSqhW1RFNUTRI3pGr+jNeDJejHfjY9qaMWYz++gPjM8fCaGUWQ==</latexit>

C(x) = {EE}Everything?



Everything Else : “EE”

We want to capture the full label space in finite queries

Zt(x) = {yx
1, …, yx

t } ∪ 𝒴\Zt(x)



Everything Else : “EE”

We want to capture the full label space in finite queries

Zt(x) = {yx
1, …, yx

t } ∪ 𝒴\Zt(x)
We have not seen!



Everything Else : “EE”

We want to capture the full label space in finite queries

Zt(x) = {yx
1, …, yx

t } ∪ EE
“Everything Else” in the output space 



Everything Else : “EE”

We want to capture the full label space in finite queries

Zt(x) = {yx
1, …, yx

t } ∪ EE

C(x) ⊆ Zt(x) ∪ EE



Everything Else : “EE”

We want to capture the full label space in finite queries

C(x) ⊆ Zt(x) ∪ EE

If CoveredEE ∈ C(x) →

Key challenge: avoid including EE as much as possible



Champaign

“Toy” Running Example

Springfield Chicago Springfield SpringfieldSpringfield Chicago Springfield

Case 1

<latexit sha1_base64="Jq2xcg4I59cl2ewjaUpqApL2upE=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEnE10YoduOyon1AE8pkMmmHTiZhZiKWkC9w46+4caGIW9fu/BunbRbaemDgcM653LnHixmVyrK+jYXFpeWV1cJacX1jc2vb3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsb1sd++54ISSN+p0YxcUPU5zSgGCkt9cxyvfJwCC+hk0JHhOltLCjvB5Qw/wjWBzrWjzIn65klq2pNAOeJnZMSyNHomV+OH+EkJFxhhqTs2las3BQJRTEjWdFJJIkRHqI+6WrKUUikm07OyWBZKz4MIqEfV3Ci/p5IUSjlKPR0MkRqIGe9sfif101UcOGmlMeJIhxPFwUJgyqC426gTwXBio00QVhQ/VeIB0ggrHSDRV2CPXvyPGkdV+2z6unNSal2lddRAPvgAFSADc5BDVyDBmgCDB7BM3gFb8aT8WK8Gx/T6IKRz+yBPzA+fwBsEpsk</latexit>

C(x) = {Springfield,Chicago}
<latexit sha1_base64="Jq2xcg4I59cl2ewjaUpqApL2upE=">AAACDnicbVDLSsNAFJ34rPUVdelmsBQqSEnE10YoduOyon1AE8pkMmmHTiZhZiKWkC9w46+4caGIW9fu/BunbRbaemDgcM653LnHixmVyrK+jYXFpeWV1cJacX1jc2vb3NltySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsb1sd++54ISSN+p0YxcUPU5zSgGCkt9cxyvfJwCC+hk0JHhOltLCjvB5Qw/wjWBzrWjzIn65klq2pNAOeJnZMSyNHomV+OH+EkJFxhhqTs2las3BQJRTEjWdFJJIkRHqI+6WrKUUikm07OyWBZKz4MIqEfV3Ci/p5IUSjlKPR0MkRqIGe9sfif101UcOGmlMeJIhxPFwUJgyqC426gTwXBio00QVhQ/VeIB0ggrHSDRV2CPXvyPGkdV+2z6unNSal2lddRAPvgAFSADc5BDVyDBmgCDB7BM3gFb8aT8WK8Gx/T6IKRz+yBPzA+fwBsEpsk</latexit>

C(x) = {Springfield,Chicago}

DCLA Chicago Boston NYCAustin Philly Denver

Case 2

What is the capital of Illinois

LLM

<latexit sha1_base64="ZoIzRQh4U8lXfAMbUpxd1XOZB8g=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAYhXsKMuF2EYAh4jGAWyAyhp9NJmvQsdNdI4jD4K148KOLV//Dm39hZDpr4oODxXhVV9bxIcAWW9W1klpZXVtey67mNza3tHXN3r67CWFJWo6EIZdMjigkesBpwEKwZSUZ8T7CGNyiP/cYDk4qHwT2MIub6pBfwLqcEtNQ2D8qF4Qm+xk7iABtCUqmkTto281bRmgAvEntG8miGatv8cjohjX0WABVEqZZtReAmRAKngqU5J1YsInRAeqylaUB8ptxkcn2Kj7XSwd1Q6goAT9TfEwnxlRr5nu70CfTVvDcW//NaMXSv3IQHUQwsoNNF3VhgCPE4CtzhklEQI00IlVzfimmfSEJBB5bTIdjzLy+S+mnRviie353lSzezOLLoEB2hArLRJSqhW1RFNUTRI3pGr+jNeDJejHfjY9qaMWYz++gPjM8fCaGUWQ==</latexit>

C(x) = {EE}Everything
<latexit sha1_base64="CRqohlbF6V5Rj038YcKIT+CzTxU=">AAACGXicbVDJSgNBFOxxjXGLevTSGARBCDPidgxKwGMEs0AmhJ7OS9Kkp2fofiOGYX7Di7/ixYMiHvXk39hZDm4FDUVVPV6/CmIpDLrupzM3v7C4tJxbya+urW9sFra26yZKNIcaj2SkmwEzIIWCGgqU0Iw1sDCQ0AiGl2O/cQvaiEjd4CiGdsj6SvQEZ2ilTsH1U+oj3GHaBwWaIXSpBhNHyoDJqJ/RQ+qn00SlkvlZp1B0S+4E9C/xZqRIZqh2Cu9+N+JJCAq5ZMa0PDfGdso0Ci4hy/uJgZjxIetDy1LFQjDtdHJZRvet0qW9SNunkE7U7xMpC40ZhYFNhgwH5rc3Fv/zWgn2ztupUHGCoPh0US+RFCM6rol2hQaOcmQJ41rYv1I+YJpxtGXmbQne75P/kvpRyTstnVwfF8sXszpyZJfskQPikTNSJlekSmqEk3vySJ7Ji/PgPDmvzts0OufMZnbIDzgfXzOhoQ0=</latexit>

{generated responses}+ {EE}



So far …

Our setting:

Prompt LLM

y1

y2

yt

<latexit sha1_base64="ZmEpmWzJswliTtY/GzwWuAHJTQs=">AAACD3icbVDJSgNBEO2JW4zbqEcvjUHRS5gRt2MwCB4VTBQzw9DTqWiTnoXuGkkY8gde/BUvHhTx6tWbf2NnOajxQcHr96roqhemUmh0nC+rMDU9MztXnC8tLC4tr9iraw2dZIpDnScyUdch0yBFDHUUKOE6VcCiUMJV2KkN/Kt7UFok8SX2UvAjdhuLtuAMjRTY27Wd7i71dBZqQHoT4PDJs5R6uYfQxfz0tO/1A7vsVJwh6CRxx6RMxjgP7E+vlfAsghi5ZFo3XSdFP2cKBZfQL3mZhpTxDruFpqExi0D7+fCePt0ySou2E2UqRjpUf07kLNK6F4WmM2J4p/96A/E/r5lh+9jPRZxmCDEffdTOJMWEDsKhLaGAo+wZwrgSZlfK75hiHE2EJROC+/fkSdLYq7iHlYOL/XL1ZBxHkWyQTbJDXHJEquSMnJM64eSBPJEX8mo9Ws/Wm/U+ai1Y45l18gvWxzdJgZuc</latexit>

C(x) → Zt(x) ↑ {EE}

<latexit sha1_base64="I2MEIe4b3ga1j8cR9UQ6TCRSGvU=">AAACCnicbVDJSgNBEO2JW4zbqEcvrUGIIGFG3C5C0IvHCGbBTDL0dDpJk56F7hrJMOTsxV/x4kERr36BN//GznLQ6IOCx3tVVNXzIsEVWNaXkZmbX1hcyi7nVlbX1jfMza2qCmNJWYWGIpR1jygmeMAqwEGweiQZ8T3Bal7/auTX7plUPAxuIYlY0yfdgHc4JaAl19y9c6EwOMAX2EkT124NDrFD2yEonLjQGmBn6Jp5q2iNgf8Se0ryaIqya3467ZDGPguACqJUw7YiaKZEAqeCDXNOrFhEaJ90WUPTgPhMNdPxK0O8r5U27oRSVwB4rP6cSImvVOJ7utMn0FOz3kj8z2vE0DlvpjyIYmABnSzqxAJDiEe54DaXjIJINCFUcn0rpj0iCQWdXk6HYM++/JdUj4r2afHk5jhfupzGkUU7aA8VkI3OUAldozKqIIoe0BN6Qa/Go/FsvBnvk9aMMZ3ZRr9gfHwD4zmZKA==</latexit>

Zt(x) = {yx1 , · · · yxt }

Trade-offs



So far …

Our setting: Trade-offs

Prompt LLM

y1

y2

yt

<latexit sha1_base64="ZmEpmWzJswliTtY/GzwWuAHJTQs=">AAACD3icbVDJSgNBEO2JW4zbqEcvjUHRS5gRt2MwCB4VTBQzw9DTqWiTnoXuGkkY8gde/BUvHhTx6tWbf2NnOajxQcHr96roqhemUmh0nC+rMDU9MztXnC8tLC4tr9iraw2dZIpDnScyUdch0yBFDHUUKOE6VcCiUMJV2KkN/Kt7UFok8SX2UvAjdhuLtuAMjRTY27Wd7i71dBZqQHoT4PDJs5R6uYfQxfz0tO/1A7vsVJwh6CRxx6RMxjgP7E+vlfAsghi5ZFo3XSdFP2cKBZfQL3mZhpTxDruFpqExi0D7+fCePt0ySou2E2UqRjpUf07kLNK6F4WmM2J4p/96A/E/r5lh+9jPRZxmCDEffdTOJMWEDsKhLaGAo+wZwrgSZlfK75hiHE2EJROC+/fkSdLYq7iHlYOL/XL1ZBxHkWyQTbJDXHJEquSMnJM64eSBPJEX8mo9Ws/Wm/U+ai1Y45l18gvWxzdJgZuc</latexit>

C(x) → Zt(x) ↑ {EE}

<latexit sha1_base64="I2MEIe4b3ga1j8cR9UQ6TCRSGvU=">AAACCnicbVDJSgNBEO2JW4zbqEcvrUGIIGFG3C5C0IvHCGbBTDL0dDpJk56F7hrJMOTsxV/x4kERr36BN//GznLQ6IOCx3tVVNXzIsEVWNaXkZmbX1hcyi7nVlbX1jfMza2qCmNJWYWGIpR1jygmeMAqwEGweiQZ8T3Bal7/auTX7plUPAxuIYlY0yfdgHc4JaAl19y9c6EwOMAX2EkT124NDrFD2yEonLjQGmBn6Jp5q2iNgf8Se0ryaIqya3467ZDGPguACqJUw7YiaKZEAqeCDXNOrFhEaJ90WUPTgPhMNdPxK0O8r5U27oRSVwB4rP6cSImvVOJ7utMn0FOz3kj8z2vE0DlvpjyIYmABnSzqxAJDiEe54DaXjIJINCFUcn0rpj0iCQWdXk6HYM++/JdUj4r2afHk5jhfupzGkUU7aA8VkI3OUAldozKqIIoe0BN6Qa/Go/FsvBnvk9aMMZ3ZRr9gfHwD4zmZKA==</latexit>

Zt(x) = {yx1 , · · · yxt }

Finite number of queries to explore the output 
space (budget) 



So far …

Our setting: Trade-offs

Prompt LLM

y1

y2

yt

<latexit sha1_base64="ZmEpmWzJswliTtY/GzwWuAHJTQs=">AAACD3icbVDJSgNBEO2JW4zbqEcvjUHRS5gRt2MwCB4VTBQzw9DTqWiTnoXuGkkY8gde/BUvHhTx6tWbf2NnOajxQcHr96roqhemUmh0nC+rMDU9MztXnC8tLC4tr9iraw2dZIpDnScyUdch0yBFDHUUKOE6VcCiUMJV2KkN/Kt7UFok8SX2UvAjdhuLtuAMjRTY27Wd7i71dBZqQHoT4PDJs5R6uYfQxfz0tO/1A7vsVJwh6CRxx6RMxjgP7E+vlfAsghi5ZFo3XSdFP2cKBZfQL3mZhpTxDruFpqExi0D7+fCePt0ySou2E2UqRjpUf07kLNK6F4WmM2J4p/96A/E/r5lh+9jPRZxmCDEffdTOJMWEDsKhLaGAo+wZwrgSZlfK75hiHE2EJROC+/fkSdLYq7iHlYOL/XL1ZBxHkWyQTbJDXHJEquSMnJM64eSBPJEX8mo9Ws/Wm/U+ai1Y45l18gvWxzdJgZuc</latexit>

C(x) → Zt(x) ↑ {EE}

<latexit sha1_base64="I2MEIe4b3ga1j8cR9UQ6TCRSGvU=">AAACCnicbVDJSgNBEO2JW4zbqEcvrUGIIGFG3C5C0IvHCGbBTDL0dDpJk56F7hrJMOTsxV/x4kERr36BN//GznLQ6IOCx3tVVNXzIsEVWNaXkZmbX1hcyi7nVlbX1jfMza2qCmNJWYWGIpR1jygmeMAqwEGweiQZ8T3Bal7/auTX7plUPAxuIYlY0yfdgHc4JaAl19y9c6EwOMAX2EkT124NDrFD2yEonLjQGmBn6Jp5q2iNgf8Se0ryaIqya3467ZDGPguACqJUw7YiaKZEAqeCDXNOrFhEaJ90WUPTgPhMNdPxK0O8r5U27oRSVwB4rP6cSImvVOJ7utMn0FOz3kj8z2vE0DlvpjyIYmABnSzqxAJDiEe54DaXjIJINCFUcn0rpj0iCQWdXk6HYM++/JdUj4r2afHk5jhfupzGkUU7aA8VkI3OUAldozKqIIoe0BN6Qa/Go/FsvBnvk9aMMZ3ZRr9gfHwD4zmZKA==</latexit>

Zt(x) = {yx1 , · · · yxt }

Finite number of queries to explore the output 
space (budget) 

Avoid EE as much as possible (Informativeness) 



So far …

Our setting: Trade-offs

Prompt LLM

y1

y2

yt

<latexit sha1_base64="ZmEpmWzJswliTtY/GzwWuAHJTQs=">AAACD3icbVDJSgNBEO2JW4zbqEcvjUHRS5gRt2MwCB4VTBQzw9DTqWiTnoXuGkkY8gde/BUvHhTx6tWbf2NnOajxQcHr96roqhemUmh0nC+rMDU9MztXnC8tLC4tr9iraw2dZIpDnScyUdch0yBFDHUUKOE6VcCiUMJV2KkN/Kt7UFok8SX2UvAjdhuLtuAMjRTY27Wd7i71dBZqQHoT4PDJs5R6uYfQxfz0tO/1A7vsVJwh6CRxx6RMxjgP7E+vlfAsghi5ZFo3XSdFP2cKBZfQL3mZhpTxDruFpqExi0D7+fCePt0ySou2E2UqRjpUf07kLNK6F4WmM2J4p/96A/E/r5lh+9jPRZxmCDEffdTOJMWEDsKhLaGAo+wZwrgSZlfK75hiHE2EJROC+/fkSdLYq7iHlYOL/XL1ZBxHkWyQTbJDXHJEquSMnJM64eSBPJEX8mo9Ws/Wm/U+ai1Y45l18gvWxzdJgZuc</latexit>

C(x) → Zt(x) ↑ {EE}

<latexit sha1_base64="I2MEIe4b3ga1j8cR9UQ6TCRSGvU=">AAACCnicbVDJSgNBEO2JW4zbqEcvrUGIIGFG3C5C0IvHCGbBTDL0dDpJk56F7hrJMOTsxV/x4kERr36BN//GznLQ6IOCx3tVVNXzIsEVWNaXkZmbX1hcyi7nVlbX1jfMza2qCmNJWYWGIpR1jygmeMAqwEGweiQZ8T3Bal7/auTX7plUPAxuIYlY0yfdgHc4JaAl19y9c6EwOMAX2EkT124NDrFD2yEonLjQGmBn6Jp5q2iNgf8Se0ryaIqya3467ZDGPguACqJUw7YiaKZEAqeCDXNOrFhEaJ90WUPTgPhMNdPxK0O8r5U27oRSVwB4rP6cSImvVOJ7utMn0FOz3kj8z2vE0DlvpjyIYmABnSzqxAJDiEe54DaXjIJINCFUcn0rpj0iCQWdXk6HYM++/JdUj4r2afHk5jhfupzGkUU7aA8VkI3OUAldozKqIIoe0BN6Qa/Go/FsvBnvk9aMMZ3ZRr9gfHwD4zmZKA==</latexit>

Zt(x) = {yx1 , · · · yxt }

Finite number of queries to explore the output 
space (budget) 

Avoid EE as much as possible (Informativeness) 

Guarantee Coverage (coverage validity) 

Coverage

Query Cost Informativeness



The Main Optimization Problem (In the Population Regime) 



The Main Optimization Problem (In the Population Regime) 

Consider two main components:



The Main Optimization Problem (In the Population Regime) 
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1st step: Solve in the population regime (assume access to  )         p(y ∣ x)

min
f, T

𝔼X λ 1{EE ∈ C(X)} + ∑
y≠EE

1{y ∈ C(X)}

Pr
X,Y

[Y ∈ C(X)] ≥ 1 − α

𝔼X[T(X)] ≤ B

s.t
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What is the role of the query policy? 

x → T(x) → LLM

y1

y2

yT(x)

Z(T; x) = {yx
1, …, yx

T(x)}

𝔼X[T(X)] ≤ B

Need to sample enough to not miss the correct label ! 

Intuition: query policy should be designed to minimize the chance of missing the correct label 
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Principle 1: Optimal Query Policy 
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t }

θ(x, t) = ℙY,Zt(x)[Y ∉ Zt(x) ∣ X = x]
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: a natural objectiveMissing Mass

θ(x, t) = θ(t) = ℙY,Zt(x)[Y ∉ Zt(x) ∣ X = x]

Missing Mass

Δ(x, t) := θ(x, t + 1) − θ(x, t)
Discrete Derivative

Missing mass decreases in t, with diminishing returns 
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𝔼X[θ(X, T(X))]
𝔼X[T(X)] ≤ Bs.t

Theorem: Let  be the optimal solution. There exists  such that for all  T*(x) β* ∈ ℝ x

Δ(x, T*(x)) = β*
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Principle 2: Optimal Set map 

min
f(.)

𝔼X λ 1{EE ∈ C(X)} + ∑
y≠EE

1{y ∈ C(X)}

Pr
X,Y

[Y ∈ C(X)] ≥ 1 − αs.t

Theorem: Let  be the optimal solution. There exists a scalar threshold  s.t for every  f*λ q* ∈ ℝ+ x

C(x) = {y ∈ Z(x) ∪ EE : S(x, y) ≤ q*}

where with  p(EE |x) = Pr[Y ∉ Z(x) ∣ X = x]

S(x, y) = {1 − p(y ∣ x), if y ≠ EE
2 − p(y |x), if y = EE
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Assume access to  p(y |x)
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In finite sample regime 

Need to estimate  

Δ(x, T*(x)) = β*

p(y |x)
p(y |x)
p(y |x) EE
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But we can query   π(y |x)

Need to estimate   and  θ(x, t) Δ(x, t)

Calibrate the scalar thresholds  β*, q*
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Need to estimate   and  θ(x, t) Δ(x, t)

Good Turing Estimator for missing mass  
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<latexit sha1_base64="vnsfUc0dyJ5o82Zpu6Aa44bNMys=">AAAB6nicbVDLSgMxFL3xWeur6tJNsAiuykzxtSy40V1F+4B2KJk004ZmkiHJCGXoJ7hxoYhbv8idf2PazkJbD1w4nHMv994TJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTFtuJKPdpywICYDySNOiXXSg+pVe6WyV/FmwMvEz0kZctR7pa9uX9E0ZtJSQYzp+F5ig4xoy6lgk2I3NSwhdEQGrOOoJDEzQTY7dYJPndLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URtdBxmWSWibpfFGUCmwVnv6N+1wzasXYEUI1d7diOiSaUOvSKboQ/MWXl0mzWvEvKxf35+XaXR5HAY7hBM7AhyuowS3UoQEUBvAMr/CGBHpB7+hj3rqC8pkj+AP0+QME2Y2p</latexit>o2

<latexit sha1_base64="V5z/o4y0SucECBboHk3tRanz7i4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VtEs0AyhJ5OT9Kkl6G7RwhDPsGLB0W8+kXe/Bs7yRw08UHB470qqupFCWfG+v63V1hZXVvfKG6WtrZ3dvfK+wdNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LRjhMaCjyQLGYEWyc9qF7QK1f8qj8DWiZBTiqQo94rf3X7iqSCSks4NqYT+IkNM6wtI5xOSt3U0ASTER7QjqMSC2rCbHbqBJ04pY9ipV1Ji2bq74kMC2PGInKdAtuhWfSm4n9eJ7XxdZgxmaSWSjJfFKccWYWmf6M+05RYPnYEE83crYgMscbEunRKLoRg8eVl0jyrBpfVi/vzSu0uj6MIR3AMpxDAFdTgFurQAAIDeIZXePO49+K9ex/z1oKXzxzCH3ifPwNVjag=</latexit>o1

<latexit sha1_base64="ARq8tWFUnJmTlHVqhATqmSZWr+g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94imgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD0nP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+yenF/Xqnd5XEU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcE242p</latexit>p1
<latexit sha1_base64="8si0cE/H7oTqoIFhcqiJTBSywDQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjworeI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0kPSqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindZubg/L9fu8jgKcAwncAYeXEENbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wcGX42q</latexit>p2

<latexit sha1_base64="7u5YgFJd1aLD4QByyQhjp31Oay8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi+IlonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDX1W49cGxGrBxwn3I/oQIlQMIpWuk96t71yxa26M5C/xMtJBXLUe+XPbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QI6v0SRhrWwrJTP05kdHImHEU2M6I4tAselPxP6+TYnjpZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsv/yXNk6p3Xj27O63UbvI4inAAh3AMHlxADa6hDg1gMIAneIFXRzrPzpvzPm8tOPnMPvyC8/ENLEONww==</latexit>pK

Distribution over objects

obtain i.i.d. samples/queries 



Need to estimate   and  θ(x, t) Δ(x, t)

Good Turing Estimator for missing mass  

<latexit sha1_base64="tBgqXsDVYZHTur+JSvfpmvba2jc=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx4UbxENAskQ+jp9CRNehm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSjgz1ve/vMLS8srqWnG9tLG5tb1T3t1rGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR1dRvPVJtmJIPdpzQUOCBZDEj2DrpXvVue+WKX/VnQH9JkJMK5Kj3yp/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkFHTumjWGlX0qKZ+nMiw8KYsYhcp8B2aBa9qfif10ltfBlmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHz5L2meVIPz6tndaaV2k8dRhAM4hGMI4AJqcA11aACBATzBC7x63Hv23rz3eWvBy2f24Re8j28qvY3C</latexit>oK
<latexit sha1_base64="vnsfUc0dyJ5o82Zpu6Aa44bNMys=">AAAB6nicbVDLSgMxFL3xWeur6tJNsAiuykzxtSy40V1F+4B2KJk004ZmkiHJCGXoJ7hxoYhbv8idf2PazkJbD1w4nHMv994TJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTFtuJKPdpywICYDySNOiXXSg+pVe6WyV/FmwMvEz0kZctR7pa9uX9E0ZtJSQYzp+F5ig4xoy6lgk2I3NSwhdEQGrOOoJDEzQTY7dYJPndLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URtdBxmWSWibpfFGUCmwVnv6N+1wzasXYEUI1d7diOiSaUOvSKboQ/MWXl0mzWvEvKxf35+XaXR5HAY7hBM7AhyuowS3UoQEUBvAMr/CGBHpB7+hj3rqC8pkj+AP0+QME2Y2p</latexit>o2

<latexit sha1_base64="V5z/o4y0SucECBboHk3tRanz7i4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VtEs0AyhJ5OT9Kkl6G7RwhDPsGLB0W8+kXe/Bs7yRw08UHB470qqupFCWfG+v63V1hZXVvfKG6WtrZ3dvfK+wdNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LRjhMaCjyQLGYEWyc9qF7QK1f8qj8DWiZBTiqQo94rf3X7iqSCSks4NqYT+IkNM6wtI5xOSt3U0ASTER7QjqMSC2rCbHbqBJ04pY9ipV1Ji2bq74kMC2PGInKdAtuhWfSm4n9eJ7XxdZgxmaSWSjJfFKccWYWmf6M+05RYPnYEE83crYgMscbEunRKLoRg8eVl0jyrBpfVi/vzSu0uj6MIR3AMpxDAFdTgFurQAAIDeIZXePO49+K9ex/z1oKXzxzCH3ifPwNVjag=</latexit>o1

<latexit sha1_base64="ARq8tWFUnJmTlHVqhATqmSZWr+g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94imgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD0nP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+yenF/Xqnd5XEU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcE242p</latexit>p1
<latexit sha1_base64="8si0cE/H7oTqoIFhcqiJTBSywDQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjworeI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0kPSqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindZubg/L9fu8jgKcAwncAYeXEENbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wcGX42q</latexit>p2

<latexit sha1_base64="7u5YgFJd1aLD4QByyQhjp31Oay8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi+IlonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDX1W49cGxGrBxwn3I/oQIlQMIpWuk96t71yxa26M5C/xMtJBXLUe+XPbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QI6v0SRhrWwrJTP05kdHImHEU2M6I4tAselPxP6+TYnjpZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsv/yXNk6p3Xj27O63UbvI4inAAh3AMHlxADa6hDg1gMIAneIFXRzrPzpvzPm8tOPnMPvyC8/ENLEONww==</latexit>pK

Distribution over objects

obtain i.i.d. samples/queries 
<latexit sha1_base64="r6rNlcaRj7gnBJmU2dHoAYbyviI=">AAACG3icbVDLSgMxFM3UV62vqks3wSK40DJT62NZcKO4qWAf0Cklk8m0oZlkSDJCGfofbvwVNy4UcSW48G/MtLOorQdyODn3XpJ7vIhRpW37x8otLa+sruXXCxubW9s7xd29phKxxKSBBROy7SFFGOWkoalmpB1JgkKPkZY3vE7rrUciFRX8QY8i0g1Rn9OAYqSN1StW3ET0nBM4S2cpVTNysS+0Si/J3akzhu64VyzZZXsCuCicTJRAhnqv+OX6Asch4RozpFTHsSPdTZDUFDMyLrixIhHCQ9QnHSM5ConqJpPdxvDIOD4MhDSHazhxZycSFCo1Cj3TGSI9UPO11Pyv1ol1cNVNKI9iTTiePhTEDGoB06CgTyXBmo2MQFhS81eIB0girE2cBROCM7/yomhWys5F+fy+WqrdZnHkwQE4BMfAAZegBm5AHTQABk/gBbyBd+vZerU+rM9pa87KZvbBH1jfv51VnX4=</latexit>

{o1, o1, o1, o3, o4, o4, · · · , oK→1}

T samples  



Need to estimate   and  θ(x, t) Δ(x, t)

Good Turing Estimator for missing mass  

<latexit sha1_base64="tBgqXsDVYZHTur+JSvfpmvba2jc=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx4UbxENAskQ+jp9CRNehm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSjgz1ve/vMLS8srqWnG9tLG5tb1T3t1rGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR1dRvPVJtmJIPdpzQUOCBZDEj2DrpXvVue+WKX/VnQH9JkJMK5Kj3yp/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkFHTumjWGlX0qKZ+nMiw8KYsYhcp8B2aBa9qfif10ltfBlmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHz5L2meVIPz6tndaaV2k8dRhAM4hGMI4AJqcA11aACBATzBC7x63Hv23rz3eWvBy2f24Re8j28qvY3C</latexit>oK
<latexit sha1_base64="vnsfUc0dyJ5o82Zpu6Aa44bNMys=">AAAB6nicbVDLSgMxFL3xWeur6tJNsAiuykzxtSy40V1F+4B2KJk004ZmkiHJCGXoJ7hxoYhbv8idf2PazkJbD1w4nHMv994TJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTFtuJKPdpywICYDySNOiXXSg+pVe6WyV/FmwMvEz0kZctR7pa9uX9E0ZtJSQYzp+F5ig4xoy6lgk2I3NSwhdEQGrOOoJDEzQTY7dYJPndLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URtdBxmWSWibpfFGUCmwVnv6N+1wzasXYEUI1d7diOiSaUOvSKboQ/MWXl0mzWvEvKxf35+XaXR5HAY7hBM7AhyuowS3UoQEUBvAMr/CGBHpB7+hj3rqC8pkj+AP0+QME2Y2p</latexit>o2

<latexit sha1_base64="V5z/o4y0SucECBboHk3tRanz7i4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VtEs0AyhJ5OT9Kkl6G7RwhDPsGLB0W8+kXe/Bs7yRw08UHB470qqupFCWfG+v63V1hZXVvfKG6WtrZ3dvfK+wdNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LRjhMaCjyQLGYEWyc9qF7QK1f8qj8DWiZBTiqQo94rf3X7iqSCSks4NqYT+IkNM6wtI5xOSt3U0ASTER7QjqMSC2rCbHbqBJ04pY9ipV1Ji2bq74kMC2PGInKdAtuhWfSm4n9eJ7XxdZgxmaSWSjJfFKccWYWmf6M+05RYPnYEE83crYgMscbEunRKLoRg8eVl0jyrBpfVi/vzSu0uj6MIR3AMpxDAFdTgFurQAAIDeIZXePO49+K9ex/z1oKXzxzCH3ifPwNVjag=</latexit>o1

<latexit sha1_base64="ARq8tWFUnJmTlHVqhATqmSZWr+g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94imgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD0nP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+yenF/Xqnd5XEU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcE242p</latexit>p1
<latexit sha1_base64="8si0cE/H7oTqoIFhcqiJTBSywDQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjworeI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0kPSqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindZubg/L9fu8jgKcAwncAYeXEENbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wcGX42q</latexit>p2

<latexit sha1_base64="7u5YgFJd1aLD4QByyQhjp31Oay8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi+IlonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDX1W49cGxGrBxwn3I/oQIlQMIpWuk96t71yxa26M5C/xMtJBXLUe+XPbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QI6v0SRhrWwrJTP05kdHImHEU2M6I4tAselPxP6+TYnjpZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsv/yXNk6p3Xj27O63UbvI4inAAh3AMHlxADa6hDg1gMIAneIFXRzrPzpvzPm8tOPnMPvyC8/ENLEONww==</latexit>pK

Distribution over objects

obtain i.i.d. samples/queries 
<latexit sha1_base64="r6rNlcaRj7gnBJmU2dHoAYbyviI=">AAACG3icbVDLSgMxFM3UV62vqks3wSK40DJT62NZcKO4qWAf0Cklk8m0oZlkSDJCGfofbvwVNy4UcSW48G/MtLOorQdyODn3XpJ7vIhRpW37x8otLa+sruXXCxubW9s7xd29phKxxKSBBROy7SFFGOWkoalmpB1JgkKPkZY3vE7rrUciFRX8QY8i0g1Rn9OAYqSN1StW3ET0nBM4S2cpVTNysS+0Si/J3akzhu64VyzZZXsCuCicTJRAhnqv+OX6Asch4RozpFTHsSPdTZDUFDMyLrixIhHCQ9QnHSM5ConqJpPdxvDIOD4MhDSHazhxZycSFCo1Cj3TGSI9UPO11Pyv1ol1cNVNKI9iTTiePhTEDGoB06CgTyXBmo2MQFhS81eIB0girE2cBROCM7/yomhWys5F+fy+WqrdZnHkwQE4BMfAAZegBm5AHTQABk/gBbyBd+vZerU+rM9pa87KZvbBH1jfv51VnX4=</latexit>

{o1, o1, o1, o3, o4, o4, · · · , oK→1}

T samples  

Some objects missing (e.g  ) o2



Need to estimate   and  θ(x, t) Δ(x, t)

Good Turing Estimator for missing mass  

<latexit sha1_base64="tBgqXsDVYZHTur+JSvfpmvba2jc=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx4UbxENAskQ+jp9CRNehm6e4Qw5BO8eFDEq1/kzb+xk8xBow8KHu9VUVUvSjgz1ve/vMLS8srqWnG9tLG5tb1T3t1rGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR1dRvPVJtmJIPdpzQUOCBZDEj2DrpXvVue+WKX/VnQH9JkJMK5Kj3yp/dviKpoNISjo3pBH5iwwxrywink1I3NTTBZIQHtOOoxIKaMJudOkFHTumjWGlX0qKZ+nMiw8KYsYhcp8B2aBa9qfif10ltfBlmTCappZLMF8UpR1ah6d+ozzQllo8dwUQzdysiQ6wxsS6dkgshWHz5L2meVIPz6tndaaV2k8dRhAM4hGMI4AJqcA11aACBATzBC7x63Hv23rz3eWvBy2f24Re8j28qvY3C</latexit>oK
<latexit sha1_base64="vnsfUc0dyJ5o82Zpu6Aa44bNMys=">AAAB6nicbVDLSgMxFL3xWeur6tJNsAiuykzxtSy40V1F+4B2KJk004ZmkiHJCGXoJ7hxoYhbv8idf2PazkJbD1w4nHMv994TJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTFtuJKPdpywICYDySNOiXXSg+pVe6WyV/FmwMvEz0kZctR7pa9uX9E0ZtJSQYzp+F5ig4xoy6lgk2I3NSwhdEQGrOOoJDEzQTY7dYJPndLHkdKupMUz9fdERmJjxnHoOmNih2bRm4r/eZ3URtdBxmWSWibpfFGUCmwVnv6N+1wzasXYEUI1d7diOiSaUOvSKboQ/MWXl0mzWvEvKxf35+XaXR5HAY7hBM7AhyuowS3UoQEUBvAMr/CGBHpB7+hj3rqC8pkj+AP0+QME2Y2p</latexit>o2

<latexit sha1_base64="V5z/o4y0SucECBboHk3tRanz7i4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VtEs0AyhJ5OT9Kkl6G7RwhDPsGLB0W8+kXe/Bs7yRw08UHB470qqupFCWfG+v63V1hZXVvfKG6WtrZ3dvfK+wdNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LRjhMaCjyQLGYEWyc9qF7QK1f8qj8DWiZBTiqQo94rf3X7iqSCSks4NqYT+IkNM6wtI5xOSt3U0ASTER7QjqMSC2rCbHbqBJ04pY9ipV1Ji2bq74kMC2PGInKdAtuhWfSm4n9eJ7XxdZgxmaSWSjJfFKccWYWmf6M+05RYPnYEE83crYgMscbEunRKLoRg8eVl0jyrBpfVi/vzSu0uj6MIR3AMpxDAFdTgFurQAAIDeIZXePO49+K9ex/z1oKXzxzCH3ifPwNVjag=</latexit>o1

<latexit sha1_base64="ARq8tWFUnJmTlHVqhATqmSZWr+g=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi94imgckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD0nP65UrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fjY7dUJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4bWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tOyYbgLb68TJpnVe+yenF/Xqnd5XEU4QiO4RQ8uIIa3EIdGsBgAM/wCm+OdF6cd+dj3lpw8plD+APn8wcE242p</latexit>p1
<latexit sha1_base64="8si0cE/H7oTqoIFhcqiJTBSywDQ=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjworeI5gHJEmYnvcmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHstHM07Qj+hA8pAzaqz0kPSqvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JqlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeO1nXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrVindZubg/L9fu8jgKcAwncAYeXEENbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wcGX42q</latexit>p2

<latexit sha1_base64="7u5YgFJd1aLD4QByyQhjp31Oay8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PAi+IlonlAsoTZyWwyZHZ2mekVwpJP8OJBEa9+kTf/xkmyB40WNBRV3XR3BYkUBl33yyksLa+srhXXSxubW9s75d29polTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDX1W49cGxGrBxwn3I/oQIlQMIpWuk96t71yxa26M5C/xMtJBXLUe+XPbj9macQVMkmN6Xhugn5GNQom+aTUTQ1PKBvRAe9YqmjEjZ/NTp2QI6v0SRhrWwrJTP05kdHImHEU2M6I4tAselPxP6+TYnjpZ0IlKXLF5ovCVBKMyfRv0heaM5RjSyjTwt5K2JBqytCmU7IheIsv/yXNk6p3Xj27O63UbvI4inAAh3AMHlxADa6hDg1gMIAneIFXRzrPzpvzPm8tOPnMPvyC8/ENLEONww==</latexit>pK

Distribution over objects

obtain i.i.d. samples/queries 
<latexit sha1_base64="r6rNlcaRj7gnBJmU2dHoAYbyviI=">AAACG3icbVDLSgMxFM3UV62vqks3wSK40DJT62NZcKO4qWAf0Cklk8m0oZlkSDJCGfofbvwVNy4UcSW48G/MtLOorQdyODn3XpJ7vIhRpW37x8otLa+sruXXCxubW9s7xd29phKxxKSBBROy7SFFGOWkoalmpB1JgkKPkZY3vE7rrUciFRX8QY8i0g1Rn9OAYqSN1StW3ET0nBM4S2cpVTNysS+0Si/J3akzhu64VyzZZXsCuCicTJRAhnqv+OX6Asch4RozpFTHsSPdTZDUFDMyLrixIhHCQ9QnHSM5ConqJpPdxvDIOD4MhDSHazhxZycSFCo1Cj3TGSI9UPO11Pyv1ol1cNVNKI9iTTiePhTEDGoB06CgTyXBmo2MQFhS81eIB0girE2cBROCM7/yomhWys5F+fy+WqrdZnHkwQE4BMfAAZegBm5AHTQABk/gBbyBd+vZerU+rM9pa87KZvbBH1jfv51VnX4=</latexit>

{o1, o1, o1, o3, o4, o4, · · · , oK→1}

T samples  

Some objects missing (e.g  ) o2

Need to estimate the probability of 
missing objects 



Need to estimate   and  θ(x, t) Δ(x, t)
Good Turing Estimator for missing mass  

<latexit sha1_base64="r6rNlcaRj7gnBJmU2dHoAYbyviI=">AAACG3icbVDLSgMxFM3UV62vqks3wSK40DJT62NZcKO4qWAf0Cklk8m0oZlkSDJCGfofbvwVNy4UcSW48G/MtLOorQdyODn3XpJ7vIhRpW37x8otLa+sruXXCxubW9s7xd29phKxxKSBBROy7SFFGOWkoalmpB1JgkKPkZY3vE7rrUciFRX8QY8i0g1Rn9OAYqSN1StW3ET0nBM4S2cpVTNysS+0Si/J3akzhu64VyzZZXsCuCicTJRAhnqv+OX6Asch4RozpFTHsSPdTZDUFDMyLrixIhHCQ9QnHSM5ConqJpPdxvDIOD4MhDSHazhxZycSFCo1Cj3TGSI9UPO11Pyv1ol1cNVNKI9iTTiePhTEDGoB06CgTyXBmo2MQFhS81eIB0girE2cBROCM7/yomhWys5F+fy+WqrdZnHkwQE4BMfAAZegBm5AHTQABk/gBbyBd+vZerU+rM9pa87KZvbBH1jfv51VnX4=</latexit>

{o1, o1, o1, o3, o4, o4, · · · , oK→1}

<latexit sha1_base64="AMIL7abTdOpopVWBbDZLxABtf5w=">AAACGHicbVDJSgNBEO2JW4xb1KOXxih4ijPihqeAF71IBKNCEkJNp5K06VnorhHDkM/w4q948aCI19z8GzvLwe1BweO9Kqrq+bGShlz308lMTc/MzmXncwuLS8sr+dW1axMlWmBFRCrStz4YVDLECklSeBtrhMBXeON3T4f+zT1qI6Pwinox1gNoh7IlBZCVGvndi4Y+4bUCrxE+UMoj/w4FGU4dIA5xjKCxybf0FicZoOk38gW36I7A/xJvQgpsgnIjP6g1I5EEGJJQYEzVc2Oqp6BJCoX9XC0xGIPoQhurloZgt9TT0WN9vm2VJm9F2lZIfKR+n0ghMKYX+LYzAOqY395Q/M+rJtQ6rqcyjBPCUIwXtRLFKeLDlHhTahuD6lkCQkt7Kxcd0CDIZpmzIXi/X/5LrveK3mHx4HK/UDqfxJFlG2yT7TCPHbESO2NlVmGCPbJn9srenCfnxXl3PsatGWcys85+wBl8AeDTnxw=</latexit>

Nr : # objects that appeared r times

Frequency of observed objects

<latexit sha1_base64="V5z/o4y0SucECBboHk3tRanz7i4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VtEs0AyhJ5OT9Kkl6G7RwhDPsGLB0W8+kXe/Bs7yRw08UHB470qqupFCWfG+v63V1hZXVvfKG6WtrZ3dvfK+wdNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LRjhMaCjyQLGYEWyc9qF7QK1f8qj8DWiZBTiqQo94rf3X7iqSCSks4NqYT+IkNM6wtI5xOSt3U0ASTER7QjqMSC2rCbHbqBJ04pY9ipV1Ji2bq74kMC2PGInKdAtuhWfSm4n9eJ7XxdZgxmaSWSjJfFKccWYWmf6M+05RYPnYEE83crYgMscbEunRKLoRg8eVl0jyrBpfVi/vzSu0uj6MIR3AMpxDAFdTgFurQAAIDeIZXePO49+K9ex/z1oKXzxzCH3ifPwNVjag=</latexit>o1
<latexit sha1_base64="wEtrddkvyKAupDzmN8FiVVxPTBg=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPux4AXvUU0CyRD6On0JE16Gbp7hDDkE7x4UMSrX+TNv7GTzEGjDwoe71VRVS9KODPW97+8wtLyyupacb20sbm1vVPe3WsalWpCG0RxpdsRNpQzSRuWWU7biaZYRJy2otH11G89Um2Ykg92nNBQ4IFkMSPYOule9U575Ypf9WdAf0mQkwrkqPfKn92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm506QUdO6aNYaVfSopn6cyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp36jPNCWWjx3BRDN3KyJDrDGxLp2SCyFYfPkvaZ5Ug4vq+d1ZpXabx1GEAziEYwjgEmpwA3VoAIEBPMELvHrce/bevPd5a8HLZ/bhF7yPbwZdjao=</latexit>o3

<latexit sha1_base64="dfeoy3r3RTGAduxw1lpS0pGiaro=">AAAB6nicbVDLSgMxFL2pr1pfVZdugkVwVWbE17LgRncV7QPaoWTSTBuaSYYkI5Shn+DGhSJu/SJ3/o1pOwttPXDhcM693HtPmAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCUf7ThhQUwGkkecEuukB9U775UrXtWbAS8TPycVyFHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNns1Ak+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10HGZdJapmk80VRKrBVePo37nPNqBVjRwjV3N2K6ZBoQq1Lp+RC8BdfXibNs6p/Wb24P6/U7vI4inAEx3AKPlxBDW6hDg2gMIBneIU3JNALekcf89YCymcO4Q/Q5w8H4Y2r</latexit>o4
<latexit sha1_base64="YcdU4l5lBS3+E69h80J6TxNfnEQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUY8BL3qLaB6QLGF2MpsMmccyMyuEJZ/gxYMiXv0ib/6Nk2QPGi1oKKq66e6KEs6M9f0vr7Cyura+UdwsbW3v7O6V9w9aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8PfPbj1QbpuSDnSQ0FHgoWcwItk66V/1av1zxq/4c6C8JclKBHI1++bM3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvNTp+jEKQMUK+1KWjRXf05kWBgzEZHrFNiOzLI3E//zuqmNr8KMySS1VJLFojjlyCo0+xsNmKbE8okjmGjmbkVkhDUm1qVTciEEyy//Ja2zanBRrd2dV+q3eRxFOIJjOIUALqEON9CAJhAYwhO8wKvHvWfvzXtftBa8fOYQfsH7+AYJZY2s</latexit>o5

<latexit sha1_base64="LqVAhWpNoOd5MBb2LN2INS+xCgU=">AAAB7nicbVDJSgNBEK1xjXGLevTSGAQvhhlxOwa8KF4imAWSIfR0epImvQzdPUIY8hFePCji1e/x5t/YSeagiQ8KHu9VUVUvSjgz1ve/vaXlldW19cJGcXNre2e3tLffMCrVhNaJ4kq3ImwoZ5LWLbOcthJNsYg4bUbDm4nffKLaMCUf7SihocB9yWJGsHVSU3Wz+9Ng3C2V/Yo/BVokQU7KkKPWLX11eoqkgkpLODamHfiJDTOsLSOcjoud1NAEkyHu07ajEgtqwmx67hgdO6WHYqVdSYum6u+JDAtjRiJynQLbgZn3JuJ/Xju18XWYMZmklkoyWxSnHFmFJr+jHtOUWD5yBBPN3K2IDLDGxLqEii6EYP7lRdI4qwSXlYuH83L1Lo+jAIdwBCcQwBVU4RZqUAcCQ3iGV3jzEu/Fe/c+Zq1LXj5zAH/gff4Ay2+PQA==</latexit>oK→1

3
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1 1

We have Zt(x) = {yx
1, …, yx

t } ∼ π(y ∣ x)

Want to estimate θ(x, t) = ℙY,Zt(x)[Y ∉ Zt(x) ∣ X = x]



Need to estimate   and  θ(x, t) Δ(x, t)
Good Turing Estimator for missing mass  

<latexit sha1_base64="r6rNlcaRj7gnBJmU2dHoAYbyviI=">AAACG3icbVDLSgMxFM3UV62vqks3wSK40DJT62NZcKO4qWAf0Cklk8m0oZlkSDJCGfofbvwVNy4UcSW48G/MtLOorQdyODn3XpJ7vIhRpW37x8otLa+sruXXCxubW9s7xd29phKxxKSBBROy7SFFGOWkoalmpB1JgkKPkZY3vE7rrUciFRX8QY8i0g1Rn9OAYqSN1StW3ET0nBM4S2cpVTNysS+0Si/J3akzhu64VyzZZXsCuCicTJRAhnqv+OX6Asch4RozpFTHsSPdTZDUFDMyLrixIhHCQ9QnHSM5ConqJpPdxvDIOD4MhDSHazhxZycSFCo1Cj3TGSI9UPO11Pyv1ol1cNVNKI9iTTiePhTEDGoB06CgTyXBmo2MQFhS81eIB0girE2cBROCM7/yomhWys5F+fy+WqrdZnHkwQE4BMfAAZegBm5AHTQABk/gBbyBd+vZerU+rM9pa87KZvbBH1jfv51VnX4=</latexit>

{o1, o1, o1, o3, o4, o4, · · · , oK→1}

Frequency of observed objects

<latexit sha1_base64="V5z/o4y0SucECBboHk3tRanz7i4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VtEs0AyhJ5OT9Kkl6G7RwhDPsGLB0W8+kXe/Bs7yRw08UHB470qqupFCWfG+v63V1hZXVvfKG6WtrZ3dvfK+wdNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LRjhMaCjyQLGYEWyc9qF7QK1f8qj8DWiZBTiqQo94rf3X7iqSCSks4NqYT+IkNM6wtI5xOSt3U0ASTER7QjqMSC2rCbHbqBJ04pY9ipV1Ji2bq74kMC2PGInKdAtuhWfSm4n9eJ7XxdZgxmaSWSjJfFKccWYWmf6M+05RYPnYEE83crYgMscbEunRKLoRg8eVl0jyrBpfVi/vzSu0uj6MIR3AMpxDAFdTgFurQAAIDeIZXePO49+K9ex/z1oKXzxzCH3ifPwNVjag=</latexit>o1
<latexit sha1_base64="wEtrddkvyKAupDzmN8FiVVxPTBg=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPux4AXvUU0CyRD6On0JE16Gbp7hDDkE7x4UMSrX+TNv7GTzEGjDwoe71VRVS9KODPW97+8wtLyyupacb20sbm1vVPe3WsalWpCG0RxpdsRNpQzSRuWWU7biaZYRJy2otH11G89Um2Ykg92nNBQ4IFkMSPYOule9U575Ypf9WdAf0mQkwrkqPfKn92+Iqmg0hKOjekEfmLDDGvLCKeTUjc1NMFkhAe046jEgpowm506QUdO6aNYaVfSopn6cyLDwpixiFynwHZoFr2p+J/XSW18FWZMJqmlkswXxSlHVqHp36jPNCWWjx3BRDN3KyJDrDGxLp2SCyFYfPkvaZ5Ug4vq+d1ZpXabx1GEAziEYwjgEmpwA3VoAIEBPMELvHrce/bevPd5a8HLZ/bhF7yPbwZdjao=</latexit>o3

<latexit sha1_base64="dfeoy3r3RTGAduxw1lpS0pGiaro=">AAAB6nicbVDLSgMxFL2pr1pfVZdugkVwVWbE17LgRncV7QPaoWTSTBuaSYYkI5Shn+DGhSJu/SJ3/o1pOwttPXDhcM693HtPmAhurOd9o8LK6tr6RnGztLW9s7tX3j9oGpVqyhpUCaXbITFMcMkallvB2olmJA4Fa4Wjm6nfemLacCUf7ThhQUwGkkecEuukB9U775UrXtWbAS8TPycVyFHvlb+6fUXTmElLBTGm43uJDTKiLaeCTUrd1LCE0BEZsI6jksTMBNns1Ak+cUofR0q7khbP1N8TGYmNGceh64yJHZpFbyr+53VSG10HGZdJapmk80VRKrBVePo37nPNqBVjRwjV3N2K6ZBoQq1Lp+RC8BdfXibNs6p/Wb24P6/U7vI4inAEx3AKPlxBDW6hDg2gMIBneIU3JNALekcf89YCymcO4Q/Q5w8H4Y2r</latexit>o4
<latexit sha1_base64="YcdU4l5lBS3+E69h80J6TxNfnEQ=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKUY8BL3qLaB6QLGF2MpsMmccyMyuEJZ/gxYMiXv0ib/6Nk2QPGi1oKKq66e6KEs6M9f0vr7Cyura+UdwsbW3v7O6V9w9aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8PfPbj1QbpuSDnSQ0FHgoWcwItk66V/1av1zxq/4c6C8JclKBHI1++bM3UCQVVFrCsTHdwE9smGFtGeF0WuqlhiaYjPGQdh2VWFATZvNTp+jEKQMUK+1KWjRXf05kWBgzEZHrFNiOzLI3E//zuqmNr8KMySS1VJLFojjlyCo0+xsNmKbE8okjmGjmbkVkhDUm1qVTciEEyy//Ja2zanBRrd2dV+q3eRxFOIJjOIUALqEON9CAJhAYwhO8wKvHvWfvzXtftBa8fOYQfsH7+AYJZY2s</latexit>o5

<latexit sha1_base64="LqVAhWpNoOd5MBb2LN2INS+xCgU=">AAAB7nicbVDJSgNBEK1xjXGLevTSGAQvhhlxOwa8KF4imAWSIfR0epImvQzdPUIY8hFePCji1e/x5t/YSeagiQ8KHu9VUVUvSjgz1ve/vaXlldW19cJGcXNre2e3tLffMCrVhNaJ4kq3ImwoZ5LWLbOcthJNsYg4bUbDm4nffKLaMCUf7SihocB9yWJGsHVSU3Wz+9Ng3C2V/Yo/BVokQU7KkKPWLX11eoqkgkpLODamHfiJDTOsLSOcjoud1NAEkyHu07ajEgtqwmx67hgdO6WHYqVdSYum6u+JDAtjRiJynQLbgZn3JuJ/Xju18XWYMZmklkoyWxSnHFmFJr+jHtOUWD5yBBPN3K2IDLDGxLqEii6EYP7lRdI4qwSXlYuH83L1Lo+jAIdwBCcQwBVU4RZqUAcCQ3iGV3jzEu/Fe/c+Zq1LXj5zAH/gff4Ay2+PQA==</latexit>oK→1

3
22

1 1

We have Zt(x) = {yx
1, …, yx

t } ∼ π(y ∣ x)

Want to estimate θ(x, t) = ℙY,Zt(x)[Y ∉ Zt(x) ∣ X = x]

Nr(x, t) = |{y ∈ Zt(x) : #(y) = r} |



Need to estimate   and  θ(x, t) Δ(x, t)
Good Turing Estimator for missing mass  

<latexit sha1_base64="r6rNlcaRj7gnBJmU2dHoAYbyviI=">AAACG3icbVDLSgMxFM3UV62vqks3wSK40DJT62NZcKO4qWAf0Cklk8m0oZlkSDJCGfofbvwVNy4UcSW48G/MtLOorQdyODn3XpJ7vIhRpW37x8otLa+sruXXCxubW9s7xd29phKxxKSBBROy7SFFGOWkoalmpB1JgkKPkZY3vE7rrUciFRX8QY8i0g1Rn9OAYqSN1StW3ET0nBM4S2cpVTNysS+0Si/J3akzhu64VyzZZXsCuCicTJRAhnqv+OX6Asch4RozpFTHsSPdTZDUFDMyLrixIhHCQ9QnHSM5ConqJpPdxvDIOD4MhDSHazhxZycSFCo1Cj3TGSI9UPO11Pyv1ol1cNVNKI9iTTiePhTEDGoB06CgTyXBmo2MQFhS81eIB0girE2cBROCM7/yomhWys5F+fy+WqrdZnHkwQE4BMfAAZegBm5AHTQABk/gBbyBd+vZerU+rM9pa87KZvbBH1jfv51VnX4=</latexit>

{o1, o1, o1, o3, o4, o4, · · · , oK→1}

Frequency of observed objects

<latexit sha1_base64="V5z/o4y0SucECBboHk3tRanz7i4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx40VtEs0AyhJ5OT9Kkl6G7RwhDPsGLB0W8+kXe/Bs7yRw08UHB470qqupFCWfG+v63V1hZXVvfKG6WtrZ3dvfK+wdNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LRjhMaCjyQLGYEWyc9qF7QK1f8qj8DWiZBTiqQo94rf3X7iqSCSks4NqYT+IkNM6wtI5xOSt3U0ASTER7QjqMSC2rCbHbqBJ04pY9ipV1Ji2bq74kMC2PGInKdAtuhWfSm4n9eJ7XxdZgxmaSWSjJfFKccWYWmf6M+05RYPnYEE83crYgMscbEunRKLoRg8eVl0jyrBpfVi/vzSu0uj6MIR3AMpxDAFdTgFurQAAIDeIZXePO49+K9ex/z1oKXzxzCH3ifPwNVjag=</latexit>o1
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Good Turing Estimator for missing mass  

θ(x, t) = ℙY,Zt(x)[Y ∉ Zt(x) ∣ X = x]

Nr(x, t) = |{y ∈ Zt(x) : #(y) = r} |

Good-Turing estimate for missing mass

̂θ(x, t) =
N1

T

Our estimate for missing mass derivative

Δ(x, t) := θ(x, t + 1) − θ(x, t)

Δ̂(x, t) =
−2N2

T2
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Case 1

Generate 8  responses, t = 8

θ(x, t = 8) =
1
8
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What is the capital of Illinois

LLM

θ(x, t = 8) = 1



Our Main Algorithm (In the finite-sample regime) 

We don’t have the true   p(y |x)

But we can query   π(y |x)

Need to estimate   and  θ(x, t) Δ(x, t)

Calibrate the scalar thresholds  β*

Calibrate the scalar thresholds  q*

Find the right alternative for  S(x, y) = 1 − p(y ∣ x)
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For each  x ∈ Dcal

 Sample y1:T(x) ∼ π(y ∣ x) until Δ̂(x, T(x)) ≤ β*

Calibrate the scalar thresholds  β*

Δ(x, T*(x)) = β*

Obtain  Z(x) = {y1, …, yT(x)}
1

∣ Dcal ∣ ∑
x

T(x) ≤ BMake sure 

Grid search



Our Main Algorithm (In the finite-sample regime) 

We don’t have the true   p(y |x)
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Finite sample version of principle 2 

S(x, y) = {1 − p(y ∣ x), if y ≠ EE
2 − p(y |x), if y = EE

Z(x) = {yx
1, …, yx

T(x)}



Find the right alternative for  and  S(x, y) = 1 − p(y ∣ x) Δ(x, t)

Finite sample version of principle 2 

S(x, y) = {1 − p(y ∣ x), if y ≠ EE
2 − p(y |x), if y = EE

Z(x) = {yx
1, …, yx

T(x)}

Using the Good Turing estimator we can estimate: 

̂p(y |x)

̂p(EE |x) = θ(x, T(x))



Our Main Algorithm (In the finite-sample regime) 

We don’t have the true   p(y |x)

But we can query   π(y |x)

Need to estimate   and  θ(x, t) Δ(x, t)

Find the right alternative for  S(x, y) = 1 − p(y ∣ x)

Calibrate the scalar thresholds  β*

Calibrate the scalar thresholds  q*



Finite Sample Algorithm



Let’s apply our algorithm to LLMs



Its Philly, city of brotherly 
love

Philadelphia is the 
capital of PA

Harrisburg.

City of Harrisburg
Its commonly mistaken, but 

the capital is Harrisburg

The answer is Pittsburgh

Clusters

Harrisburg; (3) Pittsburgh; (1) Philadelphia; (2)

What is the capital of PA

LLM

Let’s apply our algorithm to LLMs

Clustering outputs



Fine grained component wise comparison

We consider three methods: 

Vanilla - fixed non-adaptive 
querying, valid but sub-optimal 

calibration

 P1 - adds adaptive querying

P1 + P2 - optimal querying 
and optimal calibration -> 

CPQ



We consider three methods: 

Vanilla - fixed non-adaptive 
querying, valid but sub-optimal 

calibration

 P1 - adds adaptive querying

P1 + P2 - optimal querying 
and optimal calibration -> 

CPQ

And three evaluation metrics: 

Empirical Coverage

EE fraction

Prediction set size

Fine grained component wise comparison
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Inputs/prompts Decision 
Maker

Predictions + Uncertainty 
quantification

AI model ActionsUQ

AI-powered Decision making pipeline

Arxiv - Oct ‘25

Part I: CP for Generative Models Part II:  Collaborative CP Part I: CP for Generative Models Part II:  Collaborative CP 

UQ when humans and AI are jointly in the loop?
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Human and AI should coexist in the decision making pipeline

Handle large unstructured data

Excel at patten extraction

Offer statistical accuracy

Domain Knowledge

Persistent Memory

Reason and act in 
 the physical world

Human and AI should jointly exist in the decision making process!



Inputs/prompts Decision 
Maker

AI model ActionsUQ

AI-powered Decision making pipeline

Conformal Prediction



Prediction sets are useful for decision makers



E. Straitouri & M. Gomez-Rodriguez, Designing Decision Support Systems using Counterfactual Prediction Sets, ICML, 2024.
Straitouri et al., Improving Expert Predictions with Conformal Prediction, ICML, 2023.

Prediction sets are useful for decision makers

Giovanni De Toni, Nastaran Okati, Suhas Thejaswi, Eleni Straitouri, and Manuel Gomez-Rodriguez. Towards human-AI complementarity with 
prediction sets. In The Thirty-eighth Annual Conference on Neural Information Processing Systems, 2024.
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Prediction sets are useful for decision makers

Hullman et. al..,  Conformal Prediction and Human Decision Making, 2025.

“Decision-theoretic framework for evaluating predictive uncertainty as informative signals”

E. Straitouri & M. Gomez-Rodriguez, Designing Decision Support Systems using Counterfactual Prediction Sets, ICML, 2024.



Giovanni De Toni, Nastaran Okati, Suhas Thejaswi, Eleni Straitouri, and Manuel Gomez-Rodriguez. Towards human-AI complementarity with 
prediction sets. In The Thirty-eighth Annual Conference on Neural Information Processing Systems, 2024.

Straitouri et al., Improving Expert Predictions with Conformal Prediction, ICML, 2023.

Prediction sets are useful for decision makers

Hullman et. al..,  Conformal Prediction and Human Decision Making, 2025.

“Decision-theoretic framework for evaluating predictive uncertainty as informative signals”

E. Straitouri & M. Gomez-Rodriguez, Designing Decision Support Systems using Counterfactual Prediction Sets, ICML, 2024.

“Well designed” prediction sets are a sufficient statistic for risk averse decision making
S. Kiyani et Al.,  Decision Theoretic Foundations for Conformal Prediction: Optimal Uncertainty Quantification for Risk-Averse Agents, ICML, 2025.
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Thus far …

Human and AI should coexist in the decision making pipeline

UQ is essential in the decision making pipeline UQ

CP is a promising tool for UQ of AI decision support systems  

What should be the principles of UQ when Human and AI are jointly in the loop?
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Pneumonia

Bronchitis
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AI Revision

Remove

Keep

Remove

Keep

Pneumonia

Bronchitis

Sarcoidosis Remove

Human

Tuberculosis

Asthma

Collaborative Proposal 

Question: what constitutes a good collaboration?

Label Space

First: dont cause harm!
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Question: what constitutes a good collaboration?

Label Space
Pneumonia

Bronchitis

Human AI Revision
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Remove

Remove

Question: what constitutes a good collaboration?

Label Space
Pneumonia

Bronchitis

Human AI Revision

Keep

Add

Collaborative Proposal 

Tuberculosis

Asthma

Second: Add value!
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Two fundamentals of collaboration

Human 
set H(x)

Input x AI 
revision

Collaborative 
set C(x)

H(x)
C(x)

ℙ(Y ∉ C(X) |Y ∈ H(X)) < ε
Counterfactual harm:

ℙ(Y ∈ C(X) |Y ∉ H(X)) ≥ 1 − δ

Complementarity
Complementarity:

ℙ(Y ∈ C(X) |Y ∉ H(X)) ≥ 1 − δ

Counterfactual Harm

ℙ(Y ∉ C(X) |Y ∈ H(X)) < ε
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We consider three 
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AI’s quality affects the overall collaboration quality!



Thank You! 


