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Robust Decision making requires precise Uncertainty Quantification
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Part I: CP for Generative Models

Conformal Prediction Beyond the Seen: A Missing Mass
Perspective for Uncertainty Quantification in Generative Models

Sima Noorani !, Shayan Kiyani !, George Pappas', and Hamed Hassani'

1University of Pennsylvania

How to do uncertainty quantification in the generative setting ( LLMs ) ?
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Conformal Prediction

estimated likelithoods

0.01
0.04
0.42

0.09

trained model

- prediction 1s then based on the class that has maximum likelihood



Conformal Prediction

{ human } {human ’ tree,bin_} { Tree, human, trash canc}

0.99 O.9O 0.08 0.02 O.7O 0.20 0.05
easy less easy difficult
model’s prediction: human human tree

X

9 the trained model provides estimated likelihoods (a notion of uncertainty)

9 these likelithoods are informative but not always correct
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C(x) { human } { human } { tree , human }

(model’s conformal prediction)

Single prediction — set of predictions



{ human } {human ’ tree,bin} .{ Tree, human, trash cant}

0.99 0.90 0.08 0.02 0.70 0.20 0.05

C(x) { human } { human } { tree , human }

(model’s conformal prediction)

Marginal Coverage

PI‘ {Y:cest C C(Xtest)} 2 1 — v

User-specified value; e.g. 1 — a = 0.9



Conformal Prediction

Marginal Coverage

PI‘ {}/test C C(Xtest)} 2 1 — 87

Classification

Tree,human, trash can}
0.70 0.20 0.05




Conformal Prediction

Marginal Coverage
Pr {1/test C C(Xtest)} Z l -«

Regression

[10.1, 10.8]



Conformal Prediction

Marginal Coverage

Pr {Kest C C(Xtest)} Z 1 — Y

the threshold

ditficulty of the input T models” uncertainty about the labe]T size of the prediction setT
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The Challenges of Extending CP to Generative Models

A Prompt:
7o (.09 “Once upon a
Al model — 73 (.04 skloss

Cx)=1ye ¥ :5xy <q;

Challenge 1 : We are dealing with an unstructured + unbounded output space
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The Challenges of Extending CP to Generative Models

Prompt ———» Oracle

C(z) C {set of representative outputs}

C {y17y27°” 7yt}

Challenge 2 : query only access to the output space
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Conformal Prediction for Generative Models (Setting)

¢----------------------------------------------------------. R R i el R i e e R i L R

----------------------------------------------------------------------------------------------------------------------------------------------

We query the oracle for a finite amount of times

Zz(x) — {yicv ,th}




Conformal Prediction for Generative Models (Setting)

Caveat: What 1f the true label Y 1s not amount the queried outputs?
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What 1s the capaital of Illinois

l Generate 8 responses, f = 8

Case 1 N

m)p C'(x) = {Springfield, Chicago}
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Case 2

» C(gj) — Everything?
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We want to capture the full label space 1n finite queries
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We want to capture the full label space in finite queries

Z(X) = V750 Yy U

We have not seen!
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Everything Else : “EE”

We want to capture the full label space in finite queries

C(x) C Z(x) UEE

If EE € C(x) — Covered

Key challenge: avoid including EE as much as possible



“Toy” Running Example

What 1s the capaital of Illinois

l

Case 2

» () (gj) — Everything

{generated responses} + {EE}




So far ...

Our setting: Trade-ofts

Ze(x) = Y1, Ys }

C(x) C Zi(z) U{EE}
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Our setting: Trade-ofts
. Finite number of queries to explore the output
Prompt —» B ~ space (budget)
v

Ze(x) = Y1, Ys }

C(x) C Zi(z) U{EE}
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C(x) C Zi(z) U{EE}

So far ...
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Our setting:

So far ...

Trade-offs

-------------------------------------------------------------------------------------------------------------------

- Finite number of queries to explore the output :
- space (budget) =

-------------------------------------------------------------------------------------------------------------------
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Coverage

Query Cost Informativeness
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Query policy

T:2 - NuU{0)}
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Consider two main components:

Set map

f: X x27% — 2FVEE

C(x) = flx, Z(T; x))
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min Ex |A1{EE € CX)} + ) 1{y € C(X0)}
a y#EE

. f )I;[Ye CX)|>1-a

Ex[T(X)] < B
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S.1
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Informativeness
EE set size
min Ex |A1{EE € C(X)} + ) 1{y € C(X)}
& y#EE
y Pr|Ye C(X)| >1—a Coverage
’ XY

= X[T(X)] < B Query budget
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The Main Optimization Problem (In the Population Regime)

min Ey [A11{EE € CCO} + ) 1{y € C(X)}
bl y#EE

oy PriYeCX)|>1-a
XY

[ T(X)] < B

Ist step: Solve in the population regime (assume access to p(y | x) )

2nd step: mimic optimal solution 1n finite sample regime

(assume access to oracle z(y | x) )
(assume access to finite calibration data )



1st step: Solve in the population regime (assume access to p(y | x) )

min Ey [A11{EE € CCO} + ) 1{y € C(X)}
bl y#EE

oy PriYeCX)|>1-a
X,Y

[ T(X)] < B

Let’s ask:

What is the role of the query policy?
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What is the role of the query policy?

-

x = T(x) - B — AT =)

\y.T(x)

Need to sample enough to not miss the correct label !
But ...

Budget constraint:  [E4|T(X)] < B



What is the role of the query policy?

S g 1".;' S
NG ) o
» ..9’

x— 1I(x) —

Need to sample enough to not miss the correct label !

Intuition: query policy should be designed to minimize the chance of missing the correct label
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Question 1: What is the optimal query policy to minimize the change of missing the correct label?
Query policy

T: 2 - NuU{0}

Z(T;x) = {y, ---ay;*(x)
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A decoupled analysis - two principles

Question 2: What is the optimal set map for constructing valid, informative sets C(.)?

Set map

f:%XZ?AZ?UEE

Cx) = f(x, Z(T; x))
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Principle 1: Optimal Query Policy

Goal: minimize the chance of missing the true label, under finite budget

Zt(x) — {yfa ,th}



Principle 1: Optimal Query Policy

Goal: minimize the chance of missing the true label, under finite budget

Z(x) = {y), ..y}

vzmlY € Z(x) | X = x]

Missing Mass



Principle 1: Optimal Query Policy

Missing Mass : a natural objective

Missing Mass

Missing Mass

1.0 :
—e— Uniform
—e— Geometric
0.8
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Principle 1: Optimal Query Policy

Missing Mass : a natural objective

Missing Mass

Missing Mass Discrete Derivative
O(x,1) = 0(t) = Py 7o [Y & Z(x) | X = «] Alx,t) =0x,t+1)—0(x,1)
Missing Mass Discrete Derivative
1.0 —e— Uniform oo re so0 P
—e— Geometric -0.01
0.8
Q
0.6 2 —0047
2
0.4 - ‘g ~0.03
0.2 -0.04 —e— Uniform
—e— Geometric

5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50



Missing Mass
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Missing Mass

Principle 1: Optimal Query Policy

Missing Mass : a natural objective

Discrete Derivative

Alx,t) :=0(x,t+ 1) — 0(x, 1)

Missing Mass Discrete Derivative
—e— Uniform .. 202222
—e— Geometric -0.01
S -0.02-
-
(0]
>
o —0.03
a
—0.04 - —e— Uniform
—eo— Geometric
5 10 15 20 25 30 35 40 45 50 5 10 15 20 25 30 35 40 45 50
t t

Missing mass decreases in t, with diminishing returns



Principle 1: Optimal Query Policy

min Ex|0X, T(X))]
7(): X —=NuU{0}

s.t [EX[T(X)] <Bb



Principle 1: Optimal Query Policy

min = |0, T(X))|
7(.): T —->NuU{0}

= |TX)| < B

S.l

Theorem: Let 7°(x) be the optimal solution. There exists f* € R such that for all x

Ax, I*(x)) = p*



Principle 1: Optimal Query Policy

For each x € &, consider the derivative of the missing mass:
Alx,t) :=0(x,t+ 1) — 0(x, 1)

Discrete Derivative

—e— Geometric

Derivative




Principle 1: Optimal Query Policy

For each x € &, consider the derivative of the missing mass:
Alx,t) :=0(x,t+ 1) — 0(x, 1)

Discrete Derivative

—e— Geometric

I
o
-
[

Dérivative
|
O
-
N

—0.04 -




Principle 1: Optimal Query Policy

For each x € &, consider the derivative of the missing mass:
Alx,t) :=0(x,t+ 1) — 0(x, 1)

Discrete Derivative
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Principle 1: Optimal Query Policy

For each x € &, consider the derivative of the missing mass:
Alx,t) :=0(x,t+ 1) — 0(x, 1)

Discrete Derivative

—— Gemetric
~0.01 |
S -0.02
©
*k £
. ~0.04 -
- single scalar ‘
- found by matching B 5 100 15 20 25 30 35 40 45

T (x)
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Question 2: What is the optimal set map for constructing valid, informative sets C(.)?



Principle 2: Optimal Set map

Queried samples Set map



Principle 2: Optimal Set map

Queried samples Set map

min Ey [A1{EE€ CO}+ ) 1{y € C(X)}
7 for=t

oy )I;;[Ye CX)|=21-a



Principle 2: Optimal Set map

min Ey [A1{EE € CQO} + ) 1{y € C(X)}
) for=

y g[m CX)|>1-a

Theorem: Let f* be the optimal solution. There exists a scalar threshold g* € R* s.t for every x

Cx) ={y€Z(x) UEE : S(x,y) < g™}

where with p(EE|x) = PriY & Z(x) | X = x]

S(x. y) = Il -ply|x), if y#EE
T\ 2-poylx), if y=EE
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In summary ~ over population ... :

Assume access to p(y | x)

Answer 2: Build optimal set C(x) = {y € Z(x) U EE : S(x,y) < g*}

where: S(x,y) = {2—p(y\x), if y=EFE



In summary —ever-population——  In finite sample regime

Assume access to p(y | x)

Find optimal set query by A(x, T#(x)) = p*

Z(X) = (Vs eves V)

Build optimal set C(x) = {y € Z(x) U EE : S(x,y) < g*}

l=pQy|x), if y#EE

here: —
where: 3(x.) {2—p(y\X), if y=EE



In summary —ever-population——  In finite sample regime
—ASSHRe-REee85-t0-rF— Need to estimate

Find optimal set query by A(x, T#(x)) = p*

Z(X) = (Vs eees Vo)

Build optimal set C(x) = {y € Z(x) U EE : S(x,y) < g*}

I = pllx) f y#EE
2 — pylx) if y=EE

where: S(x,y) = {
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We don’t have the true p(y|x)

But we can query z(y|x)

Need to estimate &(x,t) and A(x, 1)

Find the right alternative for S(x,y) =1 — p(y | x)

Calibrate the scalar thresholds f*, g*
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Need to estimate O(x,?) and A(x, 1)

Good Turing Estimator for missing mass

P1
P2

obtain 1.1.d. samples/queries
K
o 00 P —{01,01,01,03,04,04,'“ 70K—1}

Op 02 e eoe OK
T samples

Distribution over objects Some objects missing (e.g 0, )

Need to estimate the probability of
missing objects



Need to estimate O(x,?) and A(x, 1)

Good Turing Estimator for missing mass

{017017017037047047 C 70K—1}

3 We have Z(x) = {y;, ...,y } ~ 7y | x)

Want to estimate 0(x, t) = PyzmlY & Z(x) | X = x]

N, : # objects that appeared r times

Frequency of observed objects



Need to estimate O(x,?) and A(x, 1)

Good Turing Estimator for missing mass
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Good Turing Estimator for missing mass

{017017017037047047 C 70K—1}

3 We have Z(x) = {y;, ...,y } ~ 7y | x)

Want to estimate 0(x, t) = PyzmlY & Z(x) | X = x]

N.(x, 1) =|{y € Z(x) : #(y) = r}|

Good-Turing estimate for missing mass

Frequency of observed objects
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Good Turing Estimator for missing mass

Missing Mass (Uniform)
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We have Z(x) = {y;, ...,y } ~ 7y | x)

Want to estimate 0(x, t) = PyzmlY & Z(x) | X = x]

N.(x, 1) =|{y € Z(x) : #(y) = r}|
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Need to estimate O(x,?) and A(x, 1)

Good Turing Estimator for missing mass

N,(x,0) = |1y € Z(x) : #(y) = r}|

Good-Turing estimate for missing mass

O(x,t) = PyzmlY & Z(x) | X = x]




Need to estimate O(x,?) and A(x, 1)

Good Turing Estimator for missing mass

N,(x,0) = |1y € Z(x) : #(y) = r}|

Good-Turing estimate for missing mass Our estimate for missing mass derivative

0k, 1) = Py 1V & Z) | X = 2 Ax, 1) = 0(x, 1+ 1) = 6(x, 1)
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“Toy” Running Example

What 1s the capaital of Illinois

l

Case 2

=P O0x,t=8) =1



Our Main Algorithm (In the finite-sample regime)

We don’t have the true p(y|x)

But we can query z(y|x)

Need to estimate &(x,t) and A(x, 1) V

Find the right alternative for S(x,y) =1 — p(y | x)

Calibrate the scalar thresholds f*

Calibrate the scalar thresholds g™
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Calibrate the scalar thresholds /*

Finite sample version of principle 1

Ax, I(x)) = p*

Foreachx € D, ;
Sample y;.7,) ~ #(y | x) until A(x, T(x)) < p*

Obtain Z(X) — {}71, R yT(x)}



Calibrate the scalar thresholds /*

Finite sample version of principle 1

Ax, I(x)) = p*

Foreachx € D, ;
Sample y;.7,) ~ #(y | x) until A(x, T(x)) < p*

Obtain Z(x) = {y1, .-, Y0} Grid search

1

Make sure D Z I(x) < B
cal ¥
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Find the right alternative for S(x,y) = 1 — p(y | x) and A(x, ?)

Finite sample version of principle 2

S(x,y) = {1 -p(y|x), if y#EE

2—-p(ylx), if y=EE

Z() = (¥ oo i)



Find the right alternative for S(x,y) = 1 — p(y | x) and A(x, ?)

Finite sample version of principle 2

S(x,y) = {1 -p(y|x), if y#EE

2—-p(ylx), if y=EE

Z() = (¥ oo i)

Using the Good Turing estimator we can estimate:

p(y|x)
P(EE | x) = 0(x, T(x))



Our Main Algorithm (In the finite-sample regime)

We don’t have the true p(y|x)

But we can query z(y|x)

Need to estimate &(x,t) and A(x, 1) V

Find the right alternative for S(x,y) =1 — p(y | x) V

Calibrate the scalar thresholds f* V

Calibrate the scalar thresholds g™



Finite Sample Algorithm

Algorithm 1 Conformal Prediction with Query Oracle (CPQ)

Input: Query oracle w(y | ), conformity score S’(az,y), calibration data Dy, , test point Tieg,
miscoverage a, query budget B, missing-mass estimator A(x,t), threshold 8*

Query Module — Principle 1

e For each = € D,1, U {Ttest }: )
e Sample Y1:17(z) ™ ﬂ-(y ‘ SII) until A(va(x)) < p*. Let Z(x) — {yla o o s 7yT(a:)}°

Calibration Module — Principle 2

e For each (z;,y;) € Dcal, compute s; = S(z;, y;).
e Set ¢* = Quantile,_ (31, -+ 8| Dea, | oo).

Output: C(xiest) = {y € Z(xtest) U {EE}: S'(aztest, y) < ¢q* }
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Let’s apply our algorithm to LLMs

Clustering outputs

What 1s the capital of PA

Clusters




Fine grained component wise comparison

We consider three methods:

Vanilla - fixed non-adaptive
querying, valid but sub-optimal
calibration

P1 - adds adaptive querying

Pl + P2 - optimal querying
and optimal calibration ->
CPQ



Fine grained component wise comparison

We consider three methods: And three evaluation metrics:

Vanilla - fixed non-adaptive
querying, valid but sub-optimal
calibration

Empirical Coverage

P1 - adds adaptive querying EE fraction

Pl + P2 - optimal querying
and optimal calibration -> Prediction set size
CPQ



BBH-Geo Shapes

GSM8k

Coverage
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Fine grained component wise comparison
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Al-powered Decision making pipeline

Inputs/prompts =" Almodel —» UQ — > Dl\eﬂc;'l‘:"e?” —————5 Actions

Predictions + Uncertainty
quantification

Part II: Collaborative CP

Human AI Collaborative Uncertainty Quantification

Sima Noorani'!, Shayan Kiyani !, George Pappas', and Hamed Hassani'

1University of Pennsylvania

Arxiv - Oct 2§

UQ when humans and Al are jointly in the loop?
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Q Human and Al should coexist in the decision making pipeline

: Handle large unstructured data
:  Excel at patten extraction -

: Offer statistical accuracy
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; the physical world :



Q Human and Al should coexist in the decision making pipeline

.‘ llllllllllllllllllllllllllllllllllllll .
: Domain Knowledge :
:0 lllllllllllllllllllllllllllllllllllll ‘:
.‘ llllllllllllllllllllllllllllllllllllll .
: Persistent Memory :
‘0 lllllllllllllllllllllllllllllllllllll ‘:

Reason and act in
; the physical world :

Human and Al should jointly exist in the decision making process!



Al-powered Decision making pipeline

INputs/prompts =———p —_— Decision — ACtiONS
Maker
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Prediction sets are useful for decision makers
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Prediction sets are useful for decision makers

Given this
X-Ray scan,
what is the
disease?

--------------

I
[ Pneumothorax ) |
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Lung Cancer
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Straitour1 et al., Improving Expert Predictions with Conformal Prediction, ICML, 2023.

Prediction Set

Human
Expert

E. Straitour1 & M. Gomez-Rodriguez, Designing Decision Support Systems using Counterfactual Prediction Sets, ICML, 2024.
Giovanni De Toni, Nastaran Okati, Suhas Thejaswi, Eleni Straitouri, and Manuel Gomez-Rodriguez. Towards human-Al complementarity with

prediction sets. In The Thirty-eighth Annual Conference on Neural Information Processing Systems, 2024.

w—dp Y = Pneumonia

“Decision-theoretic framework for evaluating predictive uncertainty as informative signals™

Hullman et. al.., Conformal Prediction and Human Decision Making, 2025.




Prediction sets are useful for decision makers

Given this
X-Ray scan,
what is the
disease?
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Straitour1 et al., Improving Expert Predictions with Conformal Prediction, ICML, 2023.

Human
Expert

Prediction Set

E. Straitour1 & M. Gomez-Rodriguez, Designing Decision Support Systems using Counterfactual Prediction Sets, ICML, 2024.
Giovanni De Toni, Nastaran Okati, Suhas Thejaswi, Eleni Straitouri, and Manuel Gomez-Rodriguez. Towards human-Al complementarity with

prediction sets. In The Thirty-eighth Annual Conference on Neural Information Processing Systems, 2024.

w—dp Y = Pneumonia

“Decision-theoretic framework for evaluating predictive uncertainty as informative signals™

Hullman et. al.., Conformal Prediction and Human Decision Making, 2025.

“Well designed” prediction sets are a sufficient statistic for risk averse decision making

S. Kiyani et Al., Decision Theoretic Foundations for Conformal Prediction: Optimal Uncertainty Quantification for Risk-Averse Agents, ICML, 2025.
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Thus far ...

/ Human and Al should coexist in the decision making pipeline

J UQ is essential in the decision making pipeline uQ

/ CP is a promising tool for UQ of Al decision support systems

What should be the principles of UQ when Human and Al are jointly in the loop?
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Collaborative Proposal

Human L Al Revision
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First: dont cause harm!
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Second: Add value!
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min - | C(X) |
C: X—27

st. P(Y ¢ C(X)|YEH(X)) < e

P(Y € CX) | Y ¢ HX)) 2 1-36.
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min - | C(X) |
C:IL—-2%

S.1. P(Y¢ C(X) Y € H(X)) < &, Counterfactual Harm

P(Ye CX)|Y¢ HX)) > 1-6.




Question: what constitutes a good collaboration?

min
C: Y —2%

st. P

r

(Y & C(X)

(Y e CX)

= [ C(X) |

Y€ HX)) < &

Y HX)) > 1-6.

Counterfactual Harm

Complementarity
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st. P(Y¢CX)|YeHX)) < e,
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min - | C(X) |
C:L—27

st. P(Y¢CX)|YeHX)) < e,

PMYeCX)|YE&HX)) > 1-6.
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Human-Al Collaborative Optimization

Theorem: The optimal solution to HACO 1s of the form

1 =p(y %) <a* 1 apoy + 0% Lieno }, Vxe .

VS

Ordinary CP:

Cx)=1{y|1-=-pQ|x) <q*}




Human-Al Collaborative Optimization

Theorem: The optimal solution to HACO 1s of the form

O a* g+ Liemon - V€T
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Question: How to design the score function?

C*(x) = { y ||l =—py]|x)<L<a* l{ng(x)} + b* l{yeH(x)} }, Vxe X .

s(x,y)

Classitication

X—> Model —p(y | x)

s(x,y)=1-=p(y | x)



Question: How to design the score function?

C*(x) = { y |1 =—ply|x)<a* l{ng(x)} + b* l{yeH(x)} }, Vxe X .

s(x,y)

Conformalized Quantile Regression

d1—¢n

(G erns G1—ep] S(x,y) = max{ég/z(x) — Y, Y @1—8/2(36)}

Our two threshold structure

§(x y) B {maX{QE/Z(X) — Y, Y — 91—8/2()6)}9 Yy c H(X),
| max{%/z(x) — Y, Y= @1—5/2(36)}, y & H(x).
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AD’s quality aftects the overall collaboration quality!
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